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ABSTRACT

Suppose a Social Choice context, a legislative committee has preferences over some alternatives ordered in an agenda and they apply the amendment procedure
 to choose one. The literature has defined four sets of results. It is called Top Cycle (TC) the set with a sincere behaviour; Banks (B)
 is the set with a sophisticated behaviour; Tournament Equilibrium Set (TEQ)
 is the set with a cooperative behaviour and Equitable Set (E)
 has alternatives with the same sincere and sophisticated result of an agenda. It is known that TEQ is subset of B and B is subset of TC. I define a new set: the TEQ Equitable Set (it is the intersection between TEQ and E). ¿Does it always exist? In this paper, it is shown that for five and six alternatives the set TEQE exists but the question is open for more alternatives. Can a simulation help?

1. INTRODUCTION

Given a set of alternatives and voters, a Social Choice Correspondence assigned to each individual profile of preferences is a set of alternatives called set of results or solutions. The Condorcet Social Choice Correspondences chooses the Condorcet winner, when it exists. If there is no Condorcet winner, you will have different sets of results.


The Standard amendment is one of the voting methods: binary, sequential and Condorcet. It is applied in the Parliament of the United Estates and Great Britain (defined in section 2). The set of results depends on the behaviour of the voters. If it is considered a sincere behaviour, the set of results is the Top Cycle Set. With a strategic or sophisticated behaviour, the set of results is the Banks Set. With a cooperative behaviour, the set of results is the TEQ Set (according to Schwartz (1990)).


Reid (1997) defines the Equitative Set. It is the set alternatives which are identical decision is the same agenda of the amendment procedure. This set is subset of Banks Set.

One of the Social Choice Theory is to find out smaller sets. The smaller a set is, the less it can be manipulated. This work defines the TEQE Set (it is the intersection of the TEQ Set and the Equitative Set). If the number of alternatives are less or equal to six the TEQE Set is not empty. If a alternative belongs to the TEQE Set then it is reached without depending on the behaviour of the voters.

The paper is organized as followed: it is defined the basic concepts on section 2, and it is related the Equitative Set and the TEQ Set. The new results are in section 3. The main interpretation is on section 4 and the conclusions are on section 5. 

2.  BASIC CONCEPTS.
A tournament T is a situation (X, P), where X is the number of alternatives of a finite set of elements and P is a binary relation on X. It is asymmetric and complete.

In addition, five basic concepts are necessary in the analysis: the definition of the method of the standard amendment, the sets of solutions that are reached depending on the behaviour of the voters with the standard amendment, the Equitable agenda, the Equitable alternative and the Equitable set.
2.1. Method of voting: the standard amendment. 

The standard amendment is sequential and binary. It compares the alternatives in pairs: it compares the first two alternatives of an agenda; the winner is compared with the next alternative of the agenda untill all the alternatives are compared. The winner appears in the last stage.

If there are four alternatives (x1, x2, x3, x4), these would be three questions in the Parliament:

1. Should x1 be replaced by x2?

2. Should the winner of the previous comparison be replaced by x3?

3. Should the winner of the previous comparison be replaced by x4?

The tree of the standard amendment method is represented in Figure 1.
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Figura 1. Tree standard amendment method
The standard amendment method is a Condorcet method because it chooses the Condorcet Winner (if it exists). If it does not exist, the order of the agenda gives a result. It can be defined a voting correspondence of standard amendment as the set of results of this method for all the possible agendas.

2.2. Set of results in the standard amendment depending on the behaviour of the voters

The set of results of the standard amendment for all the agendas depends on the behaviour of the voters. There are three possible kinds of behaviour: sincere, sophisticated and cooperative.

Sincere voters choose the alternative that is the highest in his list of preferences in each decision. It has been showed that standard amendment with sincere behaviour of the voters leads to the Top Cycle (TC). The Set Top Cycle has all the alternatives that win directly or indirectly to the remaining ones.

Sophisticated voters have complete information about the preferences of all the voters. They calculate their strategic decision. It has been showed that standard amendment with sophisticated behaviour of the voters leads to the Banks Set(B). The Banks Set has all the alternatives that are on the top of any trajectory of Banks. A trajectory of Banks is some alternatives order in this way: you choose one alternative, for example x1, (it will choose every alternative); then you choose one alternative that a majority prefers to x1, for example x2. Then it is created a chain of Banks (x2x1). The last alternative will win to all the previous alternatives. This alternative belongs to the Banks Set.

Schwartz (1990) defined the cooperative behaviour: “given a set of alternatives, it is supposed an alternative x, and an alternative y which is preferred, by a majority, to x. Then any coalition supporting x will be defeated by a coalition supporting y. Therefore, voters will replace x by y. Cooperative voters will reach a set of results: TEQ set. 

Laffond et al. (1995) compared three sets: TC, B and TEQ. The TEQ Set is subset of Banks, and Banks is subset of Top Cycle. It is preferred smaller sets because the agenda setter will be less manipulated.


Figure 2. Relation between TC, B and TEQ.

2.3. Equitative agenda.

An equitative agenda is the one which has the same result for a sincere behaviour and for a sophisticated.

2.4.  Equitative alternative.

It is an alternative of an equitative agenda. Reid (1997) defined equitative alternative as tranmisor because of its relation with the graph theory.

2.5.  Equitative Set.

It is the set of equitative alternatives. Reid (1997) showed four conclusions:

1. If x is a Condorcet winner, then it is the result for all the agendas with a sincere and a sophisticated behaviour of the standard amendment procedure. In this case, all the agendas are equitative agendas and the equitative alternative is the Condorcet winner. From here, It is supposed tournaments without Condorcet winner.

2. Equitative alternatives belong to the Banks set. The intersection between the set of results of the sincere behaviour by the standard amendment (Top Cycle) and the sophisticated behaviour (Banks set) is the Banks Set.

3. The number of equitative agendas increases with the number of alternatives.

4. In general, if it exists a Top Cycle of three alternatives, there are no equitative agenda (three alternatives are a cycle and they win to the rest of alternatives).

If there are a cycle of three alternatives, there are no equitative agendas and the equitative set will be empty. To avoid this problem, the equitative agenda has to be redefined: “the equitative set will be the TEQ set o the Banks set if there are a cycle of three alternatives. If there are no cycle of three alternatives the previous definition, in section 2.3 is valid.

As the probability of finding an equitative agenda increases with the number of alternatives and the number of voters, the probability of finding cycles of three alternatives decreases. In table 1, we observe the probabilities of finding an equitative agenda with three voters with impartial culture hypothesis in the preferences of the voters. It is supposed from three to six alternatives and it has made a simulation with 10000 repetitions.

Table 1. Probabilty of finding an equitative agenda Equitativa

	Alternatives
	P(E)

	3
	0,937

	4
	0,944

	5
	0,948

	6
	0,96


To illustrate the equitative set, we establish an example:

Example 1.

x1>x5   (this means: a majority of the voters prefer x1 to x5)
x2>x1,x3,x5
x3>x1,x4
x4>x1,x2
x5>x3,x4
B={x2,x3,x4,x5}, TEQ={x2,x3,x4,x5} E={x2,x4}

Banks
 set has four alternatives while the TEQ
 set has three. The Equitative Set has only two alternatives: x2 and x4. The agenda x3x5x1x4x2 is Equitative and the equitative alternative is x4. The agenda x4x5x2x1x3 is Equitative and the equitative alternative is x2. It can be proved that they are sincere a sophisticated result for that agendas.
3. THE NEW RESULTS: EQUITATIVE AGENDA FORMATION AND SOME CHARACTERISTICS OF THE EQUITATIVE ALTERNATIVE AND EQUITATIVE SET.
There are five relevant results out of this research: the equitative agenda formation, the characteristics of the equitative alternative, its position in the agenda, an analysis of the equitative set and the existence of the TEQE set.

3.1.  The equitative agenda formation.

There are three main points:

· You choose an alternative that belongs to the Banks set (the one that wins to the great number of alternatives inside the Banks set). We assure it is a sophisticated result of the future agenda.

· Those alternatives that defeat the possible equitative alternative should be on its left. If one were on the right, then the equitative alternative would not belong to the Banks set and it would not be a sophisticated result.

· The alternatives defeated by the possible equitative alternanative must be ordered on the right
.
3.2. Characteristic of the equitative agenda

The equitative agenda has the same result if the behaviour is either sincere or sophisticated. This agenda must follow the next steps:
1. The equitative alternative x must be on the top of a no maximal Banks trajectory, that is, this trajectory should not have an alternative x could defeat. Then, x will be chosen with the sophisticated vote.

2. The alternatives defeating x and one alternative (the one which is not included in the trajectory of Banks) will appear on the left of the equitative alternative. Then x will be the sincere result.

The example continues:

Analysis of alternative x3:

The alternative x3 defeats x1 and x4. X3 is on the top of the trajectory x3x4x1 and therefore it belongs to Banks. As x3 only defeats x1 and x4 there are only two possible Banks trajectories: x3x1 and x3x4. The alternative x3 is not on the top of any them because x2 defeats x1 and x3; x5 defeats x3 and x4.
Analysis of alternative x4: 

The alternative x4 is preferred by a majority to x2 and x1. The equitative alternative must leave one alternative on the left in order to be the sincere result. Thus, there are two possible Banks trajectories: x4x2 y x4x1. The first trajectory has the alternative x4 on the top because there are no alternative defeating x4 and x2. On the contrary, the second trajectory is not a Banks trajectory because the alternative x3 defeats x4 and x1 therefore x4 is not on the top
. Besides, x1 wins to the result from the comparison between x3 and x5. Then, the two equitative agendas for alternative x4 are x3x5x1x4x2 and x5x3x1x4x2.
Analysis of alternative x5:

The alternative x5 defeats x4 and x3. There are two possible trajectories: x5x4 and x5x3. There is no alternative defeating the first one, but x2 defeats the second one (x2 defeats x5 and x3). In the first trajectory with x3 on the left: x3x5x4, two possible agendas can be formed: x1x2x3x5x4 and x2x1x3x5x4, but none of them have x5 as sincere result because x3 does not defeat x2 (the result of the comparison between x1 and x2).

3.3. Which is the position of the equitative alternative within the equitative agenda?

If the equitative alternative is in the first, second or the last position in the agenda, consequently it is the Condorcet winner. If there is a Condorcet winner, all the agendas are equitative. If there is no Condorcet winner, the equitative alternative is in the middle of the agenda.

3.4. Equitative set: relations between sets.

An alternative in the equitative set can be reached with a sincere behaviour of the voters and with a sophisticated behaviour. Therefore, if there is positive information cost, it is not necessary to inform the preferences of the voters with an equitative agenda.

All the equitative alternatives belong to the banks set because they must be sophisticated results of the amendment procedure. The new results are:

1. An alternative of the TEQ set may not belong to the Equitative Set (and then, an alternative of the Banks Set may not belong to the Equitative Set).

In example 1 the alternatives x3 y x5 belong to Banks Set and TEQ, but they do not belong to Equitative Set.

2. An alternative of the equitative set may not belong to the TEQ set. With a tournament of the article of Schwartz (1990).
Example 2.

x1>x2, x3,x4
x2>x3, x9,x6
x3>x4,x5,x3,x9
x4>x2,x7,x9
x5>x1,x2,x4,x6,x8
x6>x1,x3,x4,x7,x9,

x7>x1,x2,x5,x8,x3,x9
x8>x1,x2,x4,x6,x9
x9>x1,x5
B ={x2,x3,x4,x5,x6,x7,x8} y TEQ={x5,x6,x7} E ={x2,x3,x5,x6,x7,x8}

In the agenda {x3x5x7x6x8x2x4x1x9} the alternative x8 is the equitative alternative and it does not belong to TEQ
.
3.5. Does the TEQE set always exist?

The previous section implies that:
1. The intersection between TEQ and E is not empty.

2.  The intersection between TEQ and E is empty.
If the first proposition were showed, we could define a new set intersection between TEQ and E, the TEQE set. This set will have alternatives reached for all the voters’ behaviour.
Figure 3. Possible relation between the TEQ Set and the Equitative set:


In the next heading we will show that TEQE exists for a number of alternatives less or equal to six. To this end, we have calculated the TEQ set and the Equitative set of all the tournaments of six or less alternatives. We will establish that the intersection between the TEQ and Equitative set is not empty. Moon (1968) calculated how many tournaments have the same structure depending on the number of alternatives. 
Table 2. Number of tournaments with the same structure:
	Alternatives
	Tournaments

	1
	1

	2
	1

	3
	2

	4
	4

	5
	12

	6
	56

	7
	456

	8
	6880

	9
	191536

	10
	9733056


Bjurulf and Niemi (1981) classified all the possible tournaments (of three, four and five alternatives) and omitted those with the same structure. 
Table 3. Tournaments of 3, 4 y 5 alternatives (from Bjurulf y Niemi (1981)).

Tournaments of three alternatives

	
	Case 1
	Case 2

	a
	2
	1

	b
	1
	1

	c
	0
	1

	TEQ
	a
	Abc

	Equit
	a
	Abc 



Tournaments of tour alternatives

	
	Case 1
	Case 2
	Case 3
	Case 4

	a
	3
	3
	2
	2

	b
	2
	1
	2
	2

	c
	1
	1
	2
	1

	d

	0
	1
	0
	1

	TEQ
	a
	a
	abc
	abd

	Equit
	a
	a
	abc
	a


Tournaments of five alternatives

	
	Case 1
	Case 2
	Case 3
	Case 4
	Case 5
	Case 6
	Case 7
	Case 8
	Case 9
	Case 10
	Case 11
	Case 12

	a
	4
	4
	4
	4
	3
	3
	3
	3
	3
	3
	3
	2

	b
	3
	3
	2
	2
	3
	3
	3
	3
	2
	2
	2
	2

	c
	2
	1
	2
	2
	3
	2
	2
	2
	2
	2
	2
	2

	d
	1
	1
	2
	1
	1
	2
	1
	1
	1
	2
	2
	2

	e
	0
	1
	0
	1
	0
	0
	1
	1
	1
	1
	1
	2

	TEQ
	a
	a
	a
	A
	abc
	abd
	acb
	abe
	abcde
	abd
	abcd
	abcde

	Equit
	a
	a
	a
	A
	abc
	a
	a
	a
	a
	ab
	ab
	abcde


Some tournaments of six alternatives (there are 56, as Moon (1968) calculated)
	
	Case 1
	Case 2
	Case 3
	Case 4
	Case 5
	Case 6
	Case 7
	Case 8
	Case 9
	Case 10

	a
	4
	4
	4
	4
	4
	4
	3
	3
	3
	3

	b
	4
	4
	4
	3
	3
	4
	3
	3
	3
	3

	c
	3
	3
	2
	3
	3
	2
	3
	3
	3
	3

	d
	2
	2
	2
	3
	2
	2
	2
	2
	2
	2

	e
	1
	1
	2
	1
	2
	2
	2
	2
	2
	2

	f
	1
	1
	1
	1
	1
	2
	2
	2
	2
	2

	TEQ
	abd
	abc
	abf
	abcdf
	abcef
	abf
	Abcef
	abcef
	abcdef
	abcdef

	Equit
	a
	a
	a
	a
	a
	a
	Abcf
	acef
	abce
	abcef


This analysis implies that for six or less alternatives there is an alternative that belongs to the TEQE set. This hypothesis is that this conclusion that can be generalized to every number of alternatives. 
4. THE TEQE SET: AN INTERPRETATION
The TEQE set is the intersection set between the TEQ set and Equitative set. The interpretation has twofold relevance. In theory, it reduces the TEQ set and, in practice an alternative in the TEQE set is the result of applying to the amendment procedure the three voters’ behaviours: sincere, sophisticated and cooperative. Thus, it can be said that a TEQE agenda is a desirable agenda.
Which is the grade of refinement of the TEQE set? We look for sets with a high grade of refinement. There are examples in which the TEQ set is more refined than the Equitative set. For instance, in the example 2 with nine alternatives, the Banks set has seven alternatives, the TEQ set has three and the equitative set has six. 

There are examples in which TEQE set is more refined than the Banks and TEQ set. In the next example with six alternatives the Banks set and the TEQ set has five and three alternatives respectively, while the TEQE set has only one. If there is no Condorcet winner, the TEQ set has, at least, three alternatives.
Example 3.
X={x1,x2,x3,x4,x5,x6}

x1>x2, x3

x2>1,3,5

x3>4

x4>1,2,5,6

x5>1,3,6

x6>x1,x2,x3

B={23456}

TEQ={346}

E={4}=TEQE

5. CONCLUSION.
This research has analysed new questions related with the Equitative agenda formation and the Equitative set. The main objective has been to refine the TEQ set with the TEQE set. 
An alternative of the TEQE set is an equitative alternative and a result of a cooperative behaviour.
The smaller a set is the less manipulated will be. Because of this, smaller sets are better than greater ones in social choices.

In all the examples we have analysed (included some of 10 alternatives) the conclusion is the same: the alternative that defeats more alternatives in the TEQ set belongs to the Equitative set. With this paper we have initiated the analysis of the existence of the TEQE set, however, a formal demonstration is needed to validate the TEQE for all alternatives.
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� In a list of alternatives the amendment procedure compare the first two of them, the winner is compared with the next alternative in the agenda.
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� Schwartz, T (1990) “Cyclic Tournaments and Cooperative Majority Voting: A Solution” Social Choice and Welfare, 7, 19-29.





� Reid, K. B. (1997) “Equitable Agendas, Agendas Ensuring Identical Sincere and Sophisticated Voting Decisions”. Social Choice and Welfare, 14, 363-377.


� The Banks set has x2 because there are no alternative that defeat x2,x1,x5,x3. The same thing happens with x3, x4 and x5. There is no alternative that defeat x3,x4,x1; x4, x2,x1 and x5,x3,x4.


� The TEQ Set: the alternatives  defeating x1 are x2,x3,x4. This is a cycle of three alternatives, then the three alternatives possible belongs to TEQ. The alternative x2 is defeated by x4, and then it possible belongs to TEQ. The alternatives x2 and x5 defeat x3, but x2 is preferred to x5, then x2 possible belongs TEQ. The alternatives x3 y x5 defeat x4,but x5 is preferred to x3, then x2 possible belongs to TEQ. The alternatives x1 and x2 defeat x5, but x2 is preferred to x1, then x2 possible belongs to TEQ. The alternatives x2, x3, x4 and x5 have passed the first stage. This process has to be repeated till the TEQ of the TEQ is the TEQ: TEQ(TEQ)=TEQ. If this process is repeated then x3 is eliminated.


� They must create a Banks trajectory. A Banks trayectory results in x if x is on the left and x wins all the rest of the alternatives are on the right.


� The same happens with x3 and the two possible subtrayectories x3x4 y x3x1. The first one is defeated by x5 and the second one by x2.


� There are two more cases in this example: x3 with the agenda x1x2x6x7x5x3x8x4x9 and x2 with the agenda x5x8x7x4x1x9x2x6x3.


� Caso con un ciclo de tres alternativas. También lo son el caso 3 con 4 alternativas y el caso 5 con 5 alternativas.





